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Abstract.
New families of E-functions are described in the context of the compact simple Lie groups O(5)
and G(2). These functions of two real variables generalize the common exponential functions and
for each group, only one family is currently found in the literature. All the families are fully
characterized, their most important properties are described, namely their continuous and discrete
orthogonalities and decompositions of their products.
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1. Introduction
We consider six infinite families of special functions which can be derived from the compact
simple Lie groups of types
Bn , Cn , G2 , F4 , 2 ≤ n <∞ . (1)
These are all the simple Lie groups with roots of two different lengths. One of the six families has
been described previously [6]. The other families are new.
Within each of the six family, the functions
(i) depend of n real variables, n being the rank of the underlying simple Lie group;
(ii) are periodic in various ways over the entire real Euclidean space Rn;
(iii) are pairwise orthogonal when integrated over a finite (‘fundamental’) region of Rn;
(iv) are pairwise orthogonal when their values, sampled at lattice fragment in the fundamental
region, are summed up, the lattice being of any density and of symmetry dictated by the underlying
group (1).
We limit our considerations to the Lie groups (1) of rank two, namely the groups O(5) ≡ Sp(4)
and G(2). Their Lie algebras are denoted B2 ≡ C2 and G2. There are neither principal nor technical
obstacles to generalize the results of this paper to simple Lie groups of type (1) of ranks greater
than 2.
A basic tool for defining the functions are the particular subgroups W e,W s,W l of the finite
reflection group W , which is the symmetry group of the root systems of the groups (1). These
subgroups are called the even subgroups of W . They are of index 2 in W and it is seen from the
orders of the reflection groups that they are not reflection generated groups.
In addition to the well known and extensively studied [7, 8] symmetric (C- ) and antisymmetric
(S- ) functions of the Weyl group orbit, new families of W -orbit functions for the groups (1), called
SL- and SS- , were recently discovered. In [13], functions defined using the subgroup W e, called
E-functions, were studied. Those functions are defined for every compact simple Lie group [6, 5]
and they can be written as sums of symmetric and antisymmetric orbit functions (symbolically
written as E = C + S). By considering the sums of pairs of the functions C, S, SL, and SS built
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using the same Weyl group we obtain 6 families of E−functions: We use the following notation for
those functions
Ξe+ = C + S, Ξe− = SL + SS ,
Ξs+ = C + SS , Ξs− = S + SS , (2)
Ξl+ = C + SL, Ξl− = S + SL .
In this paper we use a different approach to construct the E−functions using the sign homomor-
phisms (section 3.1).
General motivation [17] for the study of E-functions of two variables resides in the processing of
digitally given data. The advantage of having a larger choice of families of functions is the fact that
they are orthogonal in regions of different shapes, which can be more suitable for the particular
data. Combined with the relative simplicity of these functions, one expects that the processing
speed could be increased.
This paper is organized as follows. In section 2 we review some basic facts from the theory of
Weyl groups. In section 3 the sign homomorphisms and their kernels are introduced. Sections 4
and 5 present in detail the even orbit function and the mixed even orbit function. The product of
the E−functions is studied in the section 6.
2. Weyl groups and corresponding fundamental domains
2.1. Weyl group and affine Weyl group.
The ordered set of simple roots ∆ = (α1, α2) of a simple Lie algebra of rank 2 is a collection of
2 vectors spanning a real 2−dimensional Euclidean space R2 [3, 4]. The simple roots of ∆ form a
basis of R2 satisfying certain specific conditions. These roots are specified by their lengths and the
angle between them. Equivalently, the root system ∆ can be determined either by the Coxeter–
Dynkin diagram (and the corresponding Coxeter matrix M) or the Cartan matrix C of the simple
Lie algebra. The coroots α∨i are defined as α
∨
i = 2αi/ 〈αi, αi〉 , i = 1, 2. In addition to the α−basis
of simple roots, we define the weight ω−basis by〈
α∨i , ωj
〉
= δij , i, j ∈ {1, 2}.
The fourth basis, called the coweight ω∨−basis, is given by ω∨i = 2ωi/ 〈αi, αi〉 , i = 1, 2.
We define the root lattice Q as the set of all integer linear combinations of simple roots
Q = Zα1 + Zα2
and similarly we define the coroot Q∨ lattice by
Q∨ = Zα∨1 + Zα∨2 .
Moreover, we define the weight lattice and the coweight lattice
P = Zω1 + Zω2, P∨ = Zω∨1 + Zω∨2 .
Some important subsets of the weight lattice P are the cone of dominant weights P+ and the
cone of strictly dominant weights P++:
P+ = Z≥0ω1 + Z≥0ω2 ⊃ P++ = Nω1 + Nω2.
The reflection rα, α ∈ ∆, which fixes the hyperplane orthogonal to α and passes through the
origin can be explicitly written as rαx = x− 〈α, x〉α∨, where x ∈ R2.
Given a simple Lie algebra with the set of simple roots ∆ = (α1, α2), the associated Weyl group
W is a finite group generated by reflections ri ≡ rαi , i = 1, 2. The system of vectors W∆ (W∆
2
denotes W acting on the simple roots ∆) is the root system and contains the highest root ξ ∈W∆.
The affine reflection r0 with respect to the highest root is given by
r0x = rξx+
2ξ
〈ξ, ξ〉 , rξx = x−
2〈x, ξ〉
〈ξ, ξ〉 ξ , x ∈ R
2 .
By adding the affine reflection r0 to the set of generators {r1, r2} one obtains the affine Weyl group
W aff . The affine Weyl group W aff consists of transformations of R2 from W and of shifts by vectors
from the coroot lattice Q∨. In fact it holds that W aff = Q∨ oW . The fundamental domain F of
the action of W aff on R2 is a triangle with vertices
{
0,
ω∨1
m1
,
ω∨2
m2
}
, where m1,m2 are the coefficients
of the highest root ξ in α−basis, ξ = m1α1 +m2α2.
The set of dual roots ∆∨ = (α∨1 , α∨2 ) also generates a Weyl group W . The system of vectors
W∆∨ is a root system and contains the highest dual root η ∈ W∆∨. The dual affine reflection r∨0
with respect to the highest dual root is given by
r∨0 x = rηx+
2η
〈η, η〉 , rηx = x−
2〈x, η〉
〈η, η〉 η , x ∈ R
2 .
By adding the dual affine reflection r∨0 to the set of generators {r1, r2} one obtains the dual affine
Weyl group Ŵ aff , see [1]. The dual affine Weyl group Ŵ aff consists of transformations of R2 from W
and of shifts by vectors from the root lattice Q; it holds that Ŵ aff = QoW . The dual fundamental
domain F∨ of the action of Ŵ aff on R2 is a triangle with vertices
{
0, ω1
m∨1
, ω2
m∨2
}
, where m∨1 ,m∨2 are
the coefficients of the highest dual root η in α∨−basis, η = m∨1α∨1 +m∨2α∨2 .
2.2. Fundamental domains.
It is advantageous to distinguish explicitly the different root lengths in C2 and G2. Instead of
the generic set of simple roots of rank 2 of the form ∆ = (α1, α2), we use the following notation
∆(C2) = (αs, αl) (3)
∆(G2) = (αl, αs). (4)
The symbol αs denotes the short simple root. For C2 we use the standard normalization 〈αs, αs〉 = 1
and for G2 we have 〈αs, αs〉 = 2/3. The symbol αl denotes the long simple root. For C2 and G2
we have 〈αl, αl〉 = 2. The angle between αs and αl is 3pi/4 for C2 and 5pi/6 for G2. The highest
root ξ is equal to 2αs + αl for C2 and to 2αl + 3αs for G2. The ordering of the roots in bases
∆(C2) and ∆(G2) in (3), (4) is in accordance with the standard convention. Furthermore, we have
the corresponding coroot α∨s = 2αs/ 〈αs, αs〉, the weight ωs satisfying 〈α∨s , ωs〉 = 1, the coweight
ω∨s = 2ωs/ 〈αs, αs〉 and the corresponding reflection rs (which we call short reflection). We define
α∨l , ωl, ω
∨
l and rl (long reflection) analogously. Therefore, the fundamental domains F have the
following explicit form
F (C2) =
{
aω∨s + bω
∨
l | a, b ≥ 0, 2a+ b ≤ 1
}
F (G2) =
{
aω∨l + bω
∨
s | a, b ≥ 0, 2a+ 3b ≤ 1
}
.
We also denote by Xs, Xl the lines (’mirrors’) which are stabilized by rs, rl, i.e. orthogonal to
αs and αl, respectively:
Xs =
{
x ∈ R2 | 〈x, αs〉 = 0
}
, Xl =
{
x ∈ R2 | 〈x, αl〉 = 0
}
.
The lines which are stabilized with respect to the affine reflections r0, r
∨
0 are denoted by X0, X
∨
0 ,
i.e.
X0 =
{
x ∈ R2 | 〈x, ξ〉 = 1} , X∨0 = {x ∈ R2 | 〈x, η〉 = 1} .
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Figure 1. The fundamental domains F and the root systems of C2 and G2; the
circles with a small dot inscribed depict the roots of the root system W∆ and the
circles with a smaller circle inside them depict the elements of the dual root system
W∆∨.
The segments of the lines Xs, Xl and X0 which lie in the fundamental domain F are denoted by
Ys, Yl and Y0, respectively:
Ys = Xs ∩ F, Yl = Xl ∩ F, Y0 = X0 ∩ F.
Analogously, we define
Y ∨s = Xs ∩ F∨, Y ∨l = Xl ∩ F∨, Y ∨0 = X∨0 ∩ F∨.
We distinguish the weights from the positive weight lattice P+ which lie on the mirrors Xs, and
Xl:
P s = Xs ∩ P+, P l = Xl ∩ P+.
The fundamental domains F together with the root systems of C2 and G2 are depicted in Figure 1.
3. Homomorphisms and orbits
3.1. Sign homomorphisms.
The Weyl group W can also be abstractly defined by the following presentation
r2i = 1, (rirj)
mij = 1, i, j = 1, 2 (5)
where integers mij denote elements of the Coxeter matrix.
Crucial for us are certain ’sign’ homomorphisms σ : W → {±1}. An admissible σ has to satisfy
the presentation condition (5)
σ(ri)
2 = 1, (σ(ri)σ(rj))
mij = 1, i, j = 1, 2. (6)
There are two obvious choices 1, σe of such sign homomorphisms which are defined for any w ∈W
1(w) = 1 (7)
σe(w) = detw. (8)
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It turns out that for root systems with two different lengths of roots there are two other choices
available [9].
The Lie algebras C2 and G2 are the only simple Lie algebras of rank 2 which have two differ-
ent lengths of roots. As such, they admit other sign homomorphisms (and corresponding special
functions) besides the standard choices (7), (8). The Coxeter matrices M of C2 and G2 are the
following:
M(C2) =
(
1 4
4 1
)
, M(G2) =
(
1 6
6 1
)
. (9)
A sign homomorphism σ : W → {±1} can be defined by prescribing its values on the generators rs
and rl such that (6) is satisfied. The two obvious choices σ(rs) = σ(rl) = 1 and σ
e(rs) = σ
e(rl) = −1
lead to the standard homomorphisms 1 and σe. For the rank 2 cases C2 and G2 the elements m12
of the Coxeter matrices (9) are even. Therefore, σ(rl) and σ(rs) can be independently ±1 and (6)
is still satisfied. Consequently, there are two more sign homomorphisms, which we denote by σs
and σl:
σs(rs) = −1 , σs(rl) = 1 , (10)
σl(rl) = −1 , σl(rs) = 1 . (11)
Every element w from a Weyl group W can be written as a product of generators w = ri1 . . . rik
where rij ∈ {rs, rl}. Equivalently, we reformulate the definition (10), (11):
σs(w) =
{
1 if there is an even number of short reflections rs in w
−1 if there is an odd number of short reflections rs in w ,
σl(w) =
{
1 if there is an even number of long reflections rl in w
−1 if there is an odd number of long reflections rl in w .
3.2. Orbits and stabilizers.
Except for the trivial homomorphism 1, the kernels kerσ of the sign homomorphisms σ form
normal subgroups of index 2 in W . We denote the kernels of σe, σs and σl by W e, W s and W l,
respectively:
W e = {w ∈W |σe(w) = 1} , W s = {w ∈W |σs(w) = 1} , W l =
{
w ∈W |σl(w) = 1
}
.
Some general properties of the group W e were derived in [2]. Explicit knowledge of the orbits and
stabilizers of W e, W s and W l will be needed for description of orbit functions. Generic orbits of
the action of W e, W s and W l on R2 for the cases of C2 and G2 are shown in Figures 2 and 3.
For any λ ∈ R2 we have the stabilizer Stabkerσ(λ) of λ
Stabkerσ(λ) = {w ∈ kerσ |wλ = λ}
and we denote the orders of the stabilizers of W e, W s and W l by deλ, d
s
λ and d
l
λ, respectively
deλ ≡ |StabW e(λ)|, dsλ ≡ |StabW s(λ)|, dlλ ≡ |StabW l(λ)|. (12)
For our purposes, it is sufficient to consider only values of λ ∈ P+. If λ ∈ rP+, for r = rs, rl, then
the stabilizers of λ and rλ are conjugate and have the same order, i.e.
deλ = d
e
rλ, d
l
λ = d
l
rλ, d
s
λ = d
s
rλ, r = rs, rl.
The orders of stabilizers deλ, d
s
λ and d
l
λ with λ ∈ P+ are for the cases of C2 and G2 shown in Table 1.
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Figure 2. Orbits of the actions of the groups W e, W s and W l of C2. The coordi-
nates (a, b) of the points in R2 are given in ω−basis.
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Figure 3. Orbits of the actions of the groups W e, W s and W l of G2. The coordi-
nates (a, b) of the points in R2 are given in ω−basis.
While calculating continuous orthogonality of various types of orbit functions, the number of
elements in the Weyl group and the volume of the fundamental domain often appear. We denote
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λ ∈ P+ C2 G2
deλ d
s
λ d
l
λ d
e
λ d
s
λ d
l
λ
(a, b) 1 1 1 1 1 1
(a, 0) 1 2 1 1 1 2
(0, b) 1 1 2 1 2 1
(0, 0) 4 4 4 6 6 6
Table 1. Orders of stabilizers of λ ∈ P+ for C2 and G2, The coordinates (a, b) are
in ω−basis with a 6= 0, b 6= 0.
the number |W ||F | by K and we have (see e.g. [1])
K ≡ |W ||F | =
{
2 for C2√
3 for G2.
(13)
3.3. Orbits and stabilizers on the maximal torus.
The orbits and stabilizers of the maximal torus will be needed for the discrete calculus of orbit
functions. We choose some arbitrary natural number M which will control the density of the grids
appearing in this calculus [1]. The discrete calculus of orbit functions is performed over the finite
group 1MP
∨/Q∨. The finite complement set of weights is taken as the quotient group P/MQ. For
x ∈ R2/Q∨, we denote the orbit of a subgroup kerσ by
(kerσ)x =
{
wx ∈ R2/Q∨ |w ∈ kerσ} .
The orders of the group stabilizers of W e, W s and W l are denoted by εe, εs and εl:
εe(x) ≡ |W ex|, εs(x) ≡ |W sx|, εl(x) ≡ |W lx|. (14)
For practical purposes it is sufficient to determine the sizes of these orbits for the finite set
FM ≡ 1
M
P∨/Q∨ ∩ F.
For a general review of these sets FM see [1]. If x ∈ rFM , for r = rs, rl, then the orbits of x and rx
have identical size, i.e. for x ∈ FM
εe(x) = εe(rx) εs(x) = εs(rx), εl(x) = εl(rx), r = rs, rl.
For our cases C2 and G2 the sets FM are of the following explicit form
FM (C2) =
{
a
M
ω∨s +
b
M
ω∨l | a, b, c ∈ Z≥0, c+ 2a+ b = M
}
(15)
FM (G2) =
{
a
M
ω∨l +
b
M
ω∨s | a, b, c ∈ Z≥0, c+ 2a+ 3b = M
}
. (16)
The coefficients εe(x), εs(x) and εl(x) for the cases C2 and G2 are listed in Table 2.
For any λ ∈ P/MQ, we denote the stabilizer Stab∨kerσ(λ) of λ by
Stab∨kerσ(λ) = {w ∈ kerσ |wλ = λ} .
The corresponding orders of the stabilizers of the action of W e, W s and W l on P/MQ are denoted
by he∨λ , h
s∨
λ and h
l∨
λ , respectively
he∨λ ≡ |Stab∨W e(λ)|, hs∨λ ≡ |Stab∨W s(λ)|, hl∨λ ≡ |Stab∨W l(λ)|. (17)
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x ∈ FM C2 G2
εe(x) εs(x) εl(x) εe(x) εs(x) εl(x)
[c, a, b] 4 4 4 6 6 6
[0, a, b] 4 2 4 6 3 6
[c, 0, b] 4 4 2 6 3 6
[c, a, 0] 4 2 4 6 6 3
[0, 0, b] 1 1 1 2 1 2
[0, a, 0] 2 1 2 3 3 3
[c, 0, 0] 1 1 1 1 1 1
λ ∈ ΛM C2 G2
he∨λ h
s∨
λ h
l∨
λ h
e∨
λ h
s∨
λ h
l∨
λ
[c, a, b] 1 1 1 1 1 1
[0, a, b] 1 1 2 1 1 2
[c, 0, b] 1 1 2 1 2 1
[c, a, 0] 1 2 1 1 1 2
[0, 0, b] 2 2 4 2 2 2
[0, a, 0] 4 4 4 3 3 6
[c, 0, 0] 4 4 4 6 6 6
Table 2. Orders of orbits of x ∈ FM and stabilizers of λ ∈ ΛM for the cases C2
and G2. The coordinates [c, a, b] of x ∈ FM (C2), x ∈ FM (G2) are as in (15), (16),
respectively. The coordinates [c, a, b] of λ ∈ ΛM (C2) and λ ∈ ΛM (G2) are taken
from (18), (19), respectively. It is assumed that a, b, c 6= 0.
For practical purposes it is sufficient to determine the sizes of these stabilizers for the finite set
ΛM ≡ P/MQ ∩MF∨.
For a general review of the sets ΛM see [1]. If λ ∈ rΛM , for r = rs, rl, then the stabilizers of λ and
rλ are conjugate and have identical size, i.e. for λ ∈ ΛM we have
he∨λ = h
e∨
rλ , h
s∨
λ = h
s∨
rλ , h
l∨
λ = h
l∨
rλ, r = rs, rl.
For C2 and G2, the sets ΛM are of the following explicit form
ΛM (C2) =
{
aωs + bωl | a, b, c ∈ Z≥0, c+ a+ 2b = M
}
(18)
ΛM (G2) =
{
aωl + bωs | a, b, c ∈ Z≥0, c+ 3a+ 2b = M
}
. (19)
The coefficients he∨λ , h
s∨
λ and h
l∨
λ for the cases C2 and G2 are listed in Table 2.
While calculating discrete orthogonality of various types of orbit functions, the number of ele-
ments of the Weyl group and the determinant of the Cartan matrix detC often appear. We denote
the number |W |detC/2 by k and we have (see e.g. [1])
k ≡ |W |detC
2
=
{
8 for C2
6 for G2.
(20)
4. Even orbit functions
Any sign homomorphism σ : W → {±1} determines, in general, a complex orbit function
ψσλ : R2 → C parametrized by λ ∈ P :
ψσλ(x) =
∑
w∈W
σ(w) e2pii〈wλ, x〉, x ∈ R2. (21)
For the choice (7) of 1 in (21), we obtain the so-called C−functions [7]. The C−functions ψ1λ
were studied in detail for all rank two cases in [14, 15]. For the choice (7) of σe, we obtain the
well-known S−functions [8]. The S−functions ψσeλ resulting from homomorphism σe and (21) were
described for all rank two cases in [16]. The remaining two options of homomorphisms (10), (11)
and corresponding functions ψσ
s
λ , ψ
σl
λ , called S
l− and Ss−functions [9], were studied in detail for
G2 only recently in [18].
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The kernels kerσ of the sign homomorphisms σ, σ 6= 1, give rise to another type of ’even’ orbit
functions. They are complex functions Ψσλ : R2 → C parametrized by λ ∈ P ,
Ψσλ (x) =
∑
w∈kerσ
e2pii〈wλ, x〉, x ∈ R2. (22)
These ’even’ orbit functions are invariant with respect to the action of w ∈ kerσ
Ψσλ (wx) = Ψ
σ
λ (x) (23)
Ψσwλ(x) = Ψ
σ
λ (x) (24)
and the invariance with respect to shifts from Q∨ also holds
Ψσλ (x+ q
∨) = Ψσλ (x), q
∨ ∈ Q∨. (25)
In the following sections we investigate all the possible choices of sign homomorphisms and the
resulting functions. We also discuss basic properties of those functions, including continuous and
discrete orthogonality and corresponding transforms. It turns out that for all cases similar orthog-
onality relations to those in [2, 10] hold.
4.1. Ξe+−functions.
For the choice σe, we obtain the so-called E−functions [6]. Here we denote these functions by
the symbol Ξe+λ ≡ Ψσ
e
λ and the corresponding kernel is W
e. The invariance (23), (25) with respect
to Q∨ oW e allows us to consider Ξe+λ only on the domain
F e+ = F ∪ rF ◦
where F ◦ denotes the interior of F and r is an arbitrary generating reflection r ∈ {rs, rl}. Similarly,
the invariance (24) restricts λ ∈ P to the set
Pe+ = P
+ ∪ rP++.
Thus, we have
Ξe+λ (x) =
∑
w∈W e
e2pii〈wλ, x〉, x ∈ F e+, λ ∈ Pe+.
These E−functions Ξe+λ were studied for all rank two cases in detail in [5].
4.2. Ξs+−functions.
We discuss the resulting functions Ψσ
s
λ which correspond to the sign homomorphism σ
s. We
denote these functions by Ξs+λ ≡ Ψσ
s
λ and the corresponding kernel is W
s. The invariance (23),
(25) with respect to Q∨ oW s allows us to consider Ξs+λ only on the domain
F s+ = F ∪ rs(F \ Ys).
Similarly, the invariance (24) restricts λ ∈ P to the set
Ps+ = P
+ ∪ rs(P+ \ P s).
Thus, we have
Ξs+λ (x) =
∑
w∈W s
e2pii〈wλ, x〉, x ∈ F s+, λ ∈ Ps+.
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Ξs+(1, 0) Ξ
s+
(0, 1) Ξ
s+
(1, 1) Ξ
s+
(−1, 1)
Figure 4. The contour plots of Ξs+−functions of C2 over the fundamental domain F s+(C2).
4.2.1. Continuous orthogonality and Ξs+−transforms. For any two weights λ, λ′ ∈ Ps+ the corre-
sponding Ξs+−functions are orthogonal on F s+∫
F s+
Ξs+λ (x)Ξ
s+
λ′ (x) dx = K d
s
λ δλλ′ (26)
where dsλ, K are given by (12), (13), respectively. The Ξ
s+−functions determine symmetrized
Fourier series expansions,
f(x) =
∑
λ∈Ps+
cs+λ Ξ
s+
λ (x), where c
s+
λ =
1
Kdsλ
∫
F s+
f(x)Ξs+λ (x) dx.
4.2.2. Discrete orthogonality and discrete Ξs+−transforms. The finite set of points is given by
F s+M =
1
M
P∨/Q∨ ∩ F s+.
We define the corresponding finite set of weights as
Λs+M = P/MQ ∩MF s+∨
where
F s+∨ = F∨ ∪ rs(F∨ \ (Y ∨s ∪ Y ∨0 )).
Then, for λ, λ′ ∈ Λs+M , the following discrete orthogonality relations hold:∑
x∈F s+M
εs(x)Ξs+λ (x)Ξ
s+
λ′ (x) = kM
2hs∨λ δλλ′ (27)
where hs∨λ , k are given by (17), (20), respectively. The discrete symmetrized Ξ
s+−function expan-
sion is given by
f(x) =
∑
λ∈Λs+M
cs+λ Ξ
s+
λ (x), where c
s+
λ =
1
kM2hs∨λ
∑
x∈F s+M
εs(x)f(x)Ξs+λ (x).
4.2.3. Ξs+−functions of C2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξs+−functions of C2:
Ξs+(a,b)(x, y) = 2 {cos(2pi(ax+ by)) + cos(2pi((a+ 2b)x− by))} .
The fundamental domain F s+ is of the form
F s+(C2) =
{
xω∨s + yω
∨
l |x, y ≥ 0, 2x+ y ≤ 1
} ∪ {−xω∨s + (2x+ y)ω∨l |x > 0, y ≥ 0, 2x+ y ≤ 1}
and the lattice of weights Ps+ is given by
Ps+(C2) =
{
aωs + bωl | a, b ∈ Z≥0
} ∪ {−aωs + (a+ b)ωl | a ∈ N, b ∈ Z≥0} .
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Re Ξs+(1, 0) Re Ξ
s+
(0, 1) Re Ξ
s+
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s+
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s+
(0, 1) Im Ξ
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(1, 1) Im Ξ
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Figure 5. The contour plots of Ξs+−functions of G2 over the fundamental domain F s+(G2).
The contour plots of some lowest Ξs+−functions of C2 are given in Figure 4. The coefficients dsλ of
continuous orthogonality relations (26) are given in Table 1.
The discrete grid F s+M is given by
F s+M (C2) =
{
a
M
ω∨s +
b
M
ω∨l | c, a, b ∈ Z≥0, c+ 2a+ b = M
}
∪
{
− a
M
ω∨s +
2a+ b
M
ω∨l | a ∈ N, c, b ∈ Z≥0, c+ 2a+ b = M
}
and the corresponding finite set of weights has the form
Λs+M (C2) =
{
aωs + bωl | c, a, b ∈ Z≥0, c+ a+ 2b = M
}
∪ {−aωs + (a+ b)ωl | a, c ∈ N, b ∈ Z≥0, c+ a+ 2b = M} .
The coefficients εs(x) and hs∨λ of discrete orthogonality relations (27) are given in Table 2.
4.2.4. Ξs+−functions of G2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξs+−functions of G2:
Ξs+(a,b)(x, y) =e
2pii(ax+by) + e2pii(−ax+(3a+b)y) + e2pii((2a+b)x−(3a+2b)y)
+ e2pii((a+b)x−(3a+2b)y) + e2pii(−(2a+b)x+(3a+b)y) + e2pii(−(a+b)x+by).
The fundamental domain F s+ is of the form
F s+(G2) =
{
xω∨l + yω
∨
s |x, y ≥ 0, 2x+ 3y ≤ 1
} ∪ {(x+ 3y)ω∨l − yω∨s |x ≥ 0, y > 0, 2x+ 3y ≤ 1}
and the lattice of weights Ps+ is given by
Ps+(G2) =
{
aωl + bωs | a, b ∈ Z≥0
} ∪ {(a+ b)ωl − bωs | a ∈ Z≥0, b ∈ N} .
The contour plots of some lowest Ξs+−functions of G2 are given in Figure 5. The coefficients dsλ
of continuous orthogonality relations (26) are given in Table 1.
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The discrete grid F s+M is given by
F s+M (G2) =
{
a
M
ω∨l +
b
M
ω∨s | a, b, c ∈ Z≥0, c+ 2a+ 3b = M
}
∪
{
a+ 3b
M
ω∨l −
b
M
ω∨s | c, a ∈ Z≥0, b ∈ N, c+ 2a+ 3b = M
}
and the corresponding finite set of weights has the form
Λs+M (G2) =
{
aωl + bωs | a, b, c ∈ Z≥0, c+ 3a+ 2b = M
}
∪ {(a+ b)ωl − bωs | a ∈ Z≥0, b, c ∈ N, c+ 3a+ 2b = M} .
The coefficients εs(x) and hs∨λ of discrete orthogonality relations (27) are given in Table 2.
4.3. Ξl+−functions.
We now focus on the functions Ψσ
l
λ which correspond to the sign homomorphism σ
l. We denote
these functions by Ξl+λ ≡ Ψσ
l
λ and the corresponding kernel is W
l. The invariance (23), (25) with
respect to Q∨ oW l allows us to consider Ξl+λ only on the domain
F l+ = F ∪ rl(F \ (Yl ∪ Y0)).
Similarly, the invariance (24) restricts λ ∈ P to the set
Pl+ = P
+ ∪ rl(P+ \ P l).
Thus, we have
Ξl+λ (x) =
∑
w∈W l
e2pii〈wλ, x〉, x ∈ F l+, λ ∈ Pl+.
4.3.1. Continuous orthogonality and Ξl+−transforms. For any two weights λ, λ′ ∈ Pl+ the corre-
sponding Ξl+−functions are orthogonal on F l+∫
F l+
Ξl+λ (x)Ξ
l+
λ′ (x) dx = K d
l
λ δλλ′ (28)
where dlλ, K are given by (12), (13), respectively. The Ξ
l+−functions determine symmetrized
Fourier series expansions,
f(x) =
∑
λ∈Pl+
cl+λ Ξ
l+
λ (x), where c
l+
λ =
1
Kdlλ
∫
F l+
f(x)Ξl+λ (x) dx.
4.3.2. Discrete orthogonality and discrete Ξl+−transforms. The finite set of points is given by
F l+M =
1
M
P∨/Q∨ ∩ F l+.
We define the corresponding finite set of weights as
Λl+M = P/MQ ∩MF l+∨
where
F l+∨ = F∨ ∪ rl(F∨ \ Y ∨l ).
Then, for λ, λ′ ∈ Λl+M , the discrete orthogonality relations hold∑
x∈F l+M
εl(x)Ξl+λ (x)Ξ
l+
λ′ (x) = kM
2hl∨λ δλλ′ (29)
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Ξl+(1, 0) Ξ
l+
(0, 1) Ξ
l+
(1, 1) Ξ
l+
(2,−1)
Figure 6. The contour plots of Ξl+−functions of C2 over the fundamental domain
F l+(C2). The dashed part of the boundary does not belong to the fundamental
domain.
where hl∨λ , k are given by (17), (20), respectively. The discrete symmetrized Ξ
l+−functions expan-
sion is given by
f(x) =
∑
λ∈Λl+M
cl+λ Ξ
l+
λ (x), where c
l+
λ =
1
kM2hl∨λ
∑
x∈F l+M
εl(x)f(x)Ξl+λ (x).
4.3.3. Ξl+−functions of C2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξl+−functions of C2:
Ξl+(a,b)(x, y) = 2 {cos(2pi(ax+ by)) + cos(2pi(ax− (a+ b)y))} .
The fundamental domain F l+ is of the form
F l+(C2) =
{
xω∨s + yω
∨
l |x, y ≥ 0, 2x+ y ≤ 1
} ∪ {(x+ y)ω∨s − yω∨l |x ≥ 0, y > 0, 2x+ y < 1}
and the lattice of weights Pl+ is given by
Pl+(C2) =
{
aωs + bωl | a, b ∈ Z≥0
} ∪ {(a+ 2b)ωs − bωl | a ∈ Z≥0, b ∈ N} .
The contour plots of some lowest Ξl+−functions of C2 are given in Figure 6. The coefficients dlλ of
continuous orthogonality relations (28) are given in Table 1.
The discrete grid F l+M is given by
F l+M (C2) =
{
a
M
ω∨s +
b
M
ω∨l | a, b, c ∈ Z≥0, c+ 2a+ b = M
}
∪
{
a+ b
M
ω∨s −
b
M
ω∨l | a ∈ Z≥0, b, c ∈ N, c+ 2a+ b = M
}
and the corresponding finite set of weights has the form
Λl+M (C2) =
{
aωs + bωl | a, b, c ∈ Z≥0, c+ a+ 2b = M
}
∪ {(a+ 2b)ωs − bωl | a, c ∈ Z≥0, b ∈ N, c+ a+ 2b = M} .
The coefficients εl(x) and hl∨λ of discrete orthogonality relations (29) are given in Table 2.
4.3.4. Ξl+−functions of G2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξl+−functions of G2:
Ξl+(a,b)(x, y) =e
2pii(ax+by) + e2pii((a+b)x−by) + e2pii(−(2a+b)x+(3a+2b)y)
+ e2pii((a+b)x−(3a+2b)y) + e2pii(−(2a+b)x+(3a+b)y) + e2pii(ax−(3a+b)y).
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l+
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Figure 7. The contour plots of Ξl+−functions of G2 over the fundamental domain
F l+(G2). The dashed part of the boundary does not belong to the fundamental
domain.
The fundamental domain F l+ is of the form
F l+(G2) =
{
xω∨l + yω
∨
s |x, y ≥ 0, 2x+ 3y ≤ 1
}∪ {−xω∨l + (x+ y)ω∨s |x > 0, y ≥ 0, 2x+ 3y < 1}
and the lattice of weights Pl+ is given by
Pl+(G2) =
{
aωl + bωs | a, b ∈ Z≥0
} ∪ {−aωl + (3a+ b)ωs | a ∈ N, b ∈ Z≥0} .
The contour plots of some lowest Ξl+−functions of G2 are given in Figure 7. The coefficients dlλ of
continuous orthogonality relations (28) are given in Table 1.
The discrete grid F l+M is given by
F l+M (G2) =
{
a
M
ω∨l +
b
M
ω∨s | a, b, c ∈ Z≥0, c+ 2a+ 3b = M,
}
∪
{
− a
M
ω∨l +
a+ b
M
ω∨s | a, c ∈ N, b ∈ Z≥0, c+ 2a+ 3b = M
}
and the corresponding finite set of weights has the form
Λl+M (G2) =
{
aωl + bωs | a, b, c ∈ Z≥0, c+ 3a+ 2b = M
}
∪ {−aωl + (3a+ b)ωs | a ∈ N, b, c ∈ Z≥0, c+ 3a+ 2b = M} .
The coefficients εl(x) and hl∨λ of discrete orthogonality relations (29) are given in Table 2.
5. Mixed even orbit functions
Considering two different homomorphisms σ, σ˜ 6= 1 and corresponding kernels kerσ, ker σ˜, we
may define another type of ’mixed even’ orbit functions Ψσ,σ˜λ : R
2 → C parametrized by λ ∈ P ,
σ 6= σ˜
Ψσ,σ˜λ (x) =
∑
w∈kerσ
σ˜(w)e2pii〈wλ, x〉. (30)
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These ’mixed even’ orbit functions are in general invariant or anti-invariant with respect to the
action of w ∈ kerσ
Ψσ,σ˜λ (wx) = σ˜(w)Ψ
σ,σ˜
λ (x) (31)
Ψσ,σ˜wλ (x) = σ˜(w)Ψ
σ,σ˜
λ (x) (32)
and the invariance with respect to shifts from Q∨ also holds
Ψσ,σ˜λ (x+ q
∨) = Ψσ,σ˜λ (x), q
∨ ∈ Q∨. (33)
We have the following equalities of the mixed even orbit functions which correspond to all possible
choices of the sign homomorphisms
Ψσ
e,σs
λ = Ψ
σe,σl
λ , Ψ
σl,σe
λ = Ψ
σl,σs
λ , Ψ
σs,σe
λ = Ψ
σs,σl
λ .
Thus, the mixed even orbit functions naturally split into three distinct classes.
5.1. Ξe−−functions.
We discuss in detail the functions Ψσ
e,σs
λ = Ψ
σe,σl
λ ; we denote these functions by Ξ
e−
λ , λ ∈ P and
the corresponding kernel is W e. The (anti)invariance (31), (33) implies that these functions have
common zeros in F :
Ξe−λ (x) = 0, x ∈ (Yl ∪ Y0) ∩ Ys. (34)
Taking into account (31), (33) together with (34), we restrict the functions Ξe−λ to the domain
F e− = (F \ {(Yl ∪ Y0) ∩ Ys}) ∪ rsF ◦.
Similarly, the invariance (32) restricts λ ∈ P to the set
Pe− = (P+ \ (P l ∩ P s)) ∪ rsP++.
Thus, we have
Ξe−λ (x) =
∑
w∈W e
σs(w)e2pii〈wλ, x〉, x ∈ F e−, λ ∈ Pe−.
5.1.1. Continuous orthogonality and Ξe−−transforms. For any two weights λ, λ′ ∈ Pe− are the
corresponding Ξe−−functions orthogonal on F e−∫
F e−
Ξe−λ (x)Ξ
e−
λ′ (x) dx = K d
e
λ δλλ′ (35)
where deλ, K are given by (12), (13), respectively. The Ξ
e−−functions determine symmetrized
Fourier series expansions,
f(x) =
∑
λ∈Pe−
ce−λ Ξ
e−
λ (x), where c
e−
λ =
1
Kdeλ
∫
F e−
f(x)Ξe−λ (x) dx.
5.1.2. Discrete orthogonality and discrete Ξe−−transforms. The finite set of points is given by
F e−M =
1
M
P∨/Q∨ ∩ F e−.
We define the corresponding finite set of weights as
Λe−M = P/MQ ∩MF e−∨
where
F e−∨ = (F∨ \ {(Y ∨s ∪ Y ∨0 ) ∩ Y ∨l }) ∪ rsF∨◦.
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Ξe−(1, 0) Ξ
e−
(0, 1) Ξ
e−
(1, 1) Ξ
e−
(−1, 2)
Figure 8. The contour plots of Ξe−−functions of C2 over the fundamental domain
F e−(C2). The dashed part of the boundary does not belong to the fundamental
domain.
Then, for λ, λ′ ∈ Λe−M ,the following discrete orthogonality relations hold∑
x∈F e−M
εe(x)Ξe−λ (x)Ξ
e−
λ′ (x) = kM
2he∨λ δλλ′ (36)
where he∨λ , k are given by (17), (20), respectively. The discrete symmetrized Ξ
e−−functions expan-
sion is given by
f(x) =
∑
λ∈Λe−M
ce−λ Ξ
e−
λ (x), where c
e−
λ =
1
kM2he∨λ
∑
x∈F e−M
εe(x)f(x)Ξe−λ (x).
5.1.3. Ξe−−functions of C2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξe−−functions of C2:
Ξe−(a,b)(x, y) = 2 {cos(2pi(ax+ by))− cos(2pi((a+ 2b)x− (a+ b)y))} .
The fundamental domain F e− is of the form
F e−(C2) =
{
xω∨s + yω
∨
l |x, y ≥ 0, 2x+ y ≤ 1, (x, y) 6= (0, 0), (0, 1)
}
∪ {−xω∨s + (2x+ y)ω∨l |x, y > 0, 2x+ y < 1}
and the lattice of weights Pe− is given by
Pe−(C2) =
{
aωs + bωl | a, b ∈ Z≥0, (a, b) 6= (0, 0)
} ∪ {−aωs + (a+ b)ωl | a, b ∈ N} .
The contour plots of some lowest Ξe−−functions of C2 are given in Figure 8. The coefficients deλ of
continuous orthogonality relations (35) are given in Table 1.
The discrete grid F e−M is given by
F e−M (C2) =
{
a
M
ω∨s +
b
M
ω∨l | c, a, b ∈ Z≥0, c+ 2a+ b = M, [c, a, b] 6= [M, 0, 0], [0, 0,M ]
}
∪
{
− a
M
ω∨s +
2a+ b
M
ω∨l | a, b, c ∈ N, c+ 2a+ b = M
}
and the corresponding finite set of weights has the form
Λe−M (C2) =
{
aωs + bωl | c, a, b ∈ Z≥0, c+ a+ 2b = M, [c, a, b] 6= [M, 0, 0], [0,M, 0]
}
∪ {−aωs + (a+ b)ωl | a, b, c ∈ N, c+ a+ 2b = M} .
The coefficients εe(x) and he∨λ of discrete orthogonality relations (36) are given in Table 2.
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Im Ξe−(1, 0) Im Ξ
e−
(0, 1) Im Ξ
e−
(1, 1) Im Ξ
e−
(2,−1)
Figure 9. The contour plots of Ξe−−functions of G2 over the fundamental domain
F e−(G2). The dashed part of the boundary does not belong to the fundamental
domain. Real parts of Ξe−-functions are zero.
5.1.4. Ξe−−functions of G2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξe−−functions of G2:
Ξe−(a,b)(x, y) =2i{sin(2pi(ax+ by)) + sin(2pi((3a+ b)y)− (2a+ b)x)
+ sin(2pi((a+ b)x− (3a+ 2b)x))}.
The fundamental domain F e− is of the form
F e−(G2) =
{
xω∨l + yω
∨
s |x, y ≥ 0, 2x+ 3y ≤ 1, (x, y) 6= (0, 0), (1/2, 0)
}
∪ {(x+ 3y)ω∨l − yω∨s |x, y > 0, 2x+ 3y < 1}
and the lattice of weights Pe− is given by
Pe−(G2) =
{
aωl + bωs | a, b ∈ Z≥0, (a, b) 6= (0, 0)
} ∪ {(a+ b)ωl − bωs | a, b ∈ N}
The contour plots of some lowest Ξe−−functions of G2 are given in Figure 9.
The coefficients deλ of continuous orthogonality relations (35) are given in Table 1. The discrete
grid F e−M is given by
F e−M (G2) =
{
a
M
ω∨l +
b
M
ω∨s | a, b, c ∈ Z≥0, c+ 2a+ 3b = M, (c, a, b) 6= (M, 0, 0), (0,M/2, 0)
}
∪
{
a+ 3b
M
ω∨l −
b
M
ω∨s | c, a, b ∈ N, c+ 2a+ 3b = M
}
and the corresponding finite set of weights has the form
Λe−M (G2) =
{
aωl + bωs | a, b, c ∈ Z≥0, c+ 3a+ 2b = M, [c, a, b] 6= [M, 0, 0], [0, 0,M/2]
}
∪ {(a+ b)ωl − bωs | a, b, c ∈ N, c+ 3a+ 2b = M} .
The coefficients εe(x) and he∨λ of discrete orthogonality relations (36) are given in Table 2.
5.2. Ξs−−functions.
We discuss in detail the functions Ψσ
s,σe
λ = Ψ
σs,σl
λ ; we denote these functions by Ξ
s−
λ , λ ∈ P and
the corresponding kernel is W s. The (anti)invariance (31), (33) implies that these functions have
common zeros in F :
Ξs−λ (x) = 0, x ∈ Yl ∪ Y0. (37)
Taking into account (31), (33) together with (37), we restrict the functions Ξs−λ to the domain
F s− = (F \ (Yl ∪ Y0)) ∪ rsF ◦.
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Similarly, the invariance (32) restricts λ ∈ P to the set
Ps− = (P+ \ Pl) ∪ rsP++.
Thus, we have
Ξs−λ (x) =
∑
w∈W s
σl(w)e2pii〈wλ, x〉, x ∈ F s−, λ ∈ Ps−.
5.2.1. Continuous orthogonality and Ξs−−transforms. For any two weights λ, λ′ ∈ Ps− the corre-
sponding Ξs−−functions are orthogonal on F s−∫
F s−
Ξs−λ (x)Ξ
s−
λ′ (x) dx = K δλλ′ (38)
where K is given by (13). The Ξs−−functions determine symmetrized Fourier series expansions,
f(x) =
∑
λ∈Ps−
cs−λ Ξ
s−
λ (x), where c
s−
λ =
1
K
∫
F s−
f(x)Ξs−λ (x) dx.
5.2.2. Discrete orthogonality and discrete Ξs−−transforms. The finite set of points is given by
F s−M =
1
M
P∨/Q∨ ∩ F s−.
We define the corresponding finite set of weights as
Λs−M = P/MQ ∩MF s−∨
where
F s−∨ = (F∨ \ Y ∨l ) ∪ rsF∨◦.
Then, for λ, λ′ ∈ Λs−M , the following discrete orthogonality relations hold∑
x∈F s−M
εs(x)Ξs−λ (x)Ξ
s−
λ′ (x) = kM
2hs∨λ δλλ′ (39)
where hs∨λ , k are given by (17), (20), respectively. The discrete symmetrized Ξ
s−−functions expan-
sion is given by
f(x) =
∑
λ∈Λs−M
cs−λ Ξ
s−
λ (x), where c
s−
λ =
1
kM2hs∨λ
∑
x∈F s−M
εs(x)f(x)Ξs−λ (x).
5.2.3. Ξs−−functions of C2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξs−−functions of C2:
Ξs−(a,b)(x, y) = 2 {cos(2pi(ax+ by))− cos(2pi((a+ 2b)x− by))} .
The fundamental domain F s− is of the form
F s−(C2) =
{
xω∨s + yω
∨
l |x ≥ 0, y > 0, 2x+ y < 1
} ∪ {−xω∨s + (2x+ y)ω∨l |x, y > 0, 2x+ y < 1}
and the lattice of weights Ps− is given by
Ps−(C2) =
{
aωs + bωl | a ∈ Z≥0, b ∈ N
} ∪ {−aωs + (a+ b)ωl | a, b ∈ N} .
The contour plots of some lowest Ξs−−functions of C2 are given in Figure 10.
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Figure 10. The contour plots of Ξs−−functions of C2 over the fundamental domain
F s−(C2). The dashed part of the boundary does not belong to the fundamental
domain.
The discrete grid F s−M is given by
F s−M (C2) =
{
a
M
ω∨s +
b
M
ω∨l | a ∈ Z≥0, b, c ∈ N, c+ 2a+ b = M
}
∪
{
− a
M
ω∨s +
2a+ b
M
ω∨l | a, b, c ∈ N, c+ 2a+ b = M
}
and the corresponding finite set of weights has the form
Λs−M (C2) =
{
aωs + bωl | c, a ∈ Z≥0, b ∈ N, c+ a+ 2b = M
}
∪ {−aωs + (a+ b)ωl | a, b, c ∈ N, c+ a+ 2b = M} .
The coefficients εs(x) of discrete orthogonality relations (39) have a common value εs(x) = 4 for
all x ∈ F s−M (C2). The coefficients hs∨λ are given in Table 2.
5.2.4. Ξs−−functions of G2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξs−−functions of G2:
Ξs−(a,b)(x, y) =e
2pii(ax+by) − e2pii(−ax+(3a+b)y) − e2pii((2a+b)x−(3a+2b)y)
+ e2pii((a+b)x−(3a+2b)y) + e2pii(−(2a+b)x+(3a+b)y) − e2pii(−(a+b)x+by).
The fundamental domain F s− is of the form
F s−(G2) =
{
xω∨l + yω
∨
s |x > 0, y ≥ 0, 2x+ 3y < 1
} ∪ {(x+ 3y)ω∨l − yω∨s |x, y > 0, 2x+ 3y < 1}
and the lattice of weights Ps− is given by
Ps−(G2) =
{
aωl + bωs | a ∈ N, b ∈ Z≥0
} ∪ {(a+ b)ωl − bωs | a, b ∈ N} .
The contour plots of some lowest Ξs−−functions of G2 are given in Figure 11.
The discrete grid F s−M is given by
F s−M (G2) =
{
a
M
ω∨l +
b
M
ω∨s | b ∈ Z≥0, a, c ∈ N, c+ 2a+ 3b = M
}
∪
{
a+ 3b
M
ω∨l −
b
M
ω∨s | a, b, c ∈ N, c+ 2a+ 3b = M
}
and the corresponding finite set of weights has the form
Λs−M (G2) =
{
aωl + bωs | a ∈ N, b, c ∈ Z≥0, c+ 3a+ 2b = M
}
∪ {(a+ b)ωl − bωs | a, b, c ∈ N, c+ 3a+ 2b = M} .
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Re Ξs−(1, 0) Re Ξ
s−
(2, 0) Re Ξ
s−
(1, 1) Re Ξ
s−
(2,−1)
Im Ξs−(1, 0) Im Ξ
s−
(2, 0) Im Ξ
s−
(1, 1) Im Ξ
s−
(2,−1)
Figure 11. The contour plots of Ξs−−functions of G2 over the fundamental domain
F s−(G2). The dashed part of the boundary does not belong to the fundamental
domain.
The coefficients εs(x) of discrete orthogonality relations (39) have a common value εs(x) = 6 for
all x ∈ F s−M (G2). The coefficients hs∨λ are given in Table 2.
5.3. Ξl−−functions.
We discuss in detail the functions Ψσ
l,σe
λ = Ψ
σl,σs
λ ; we denote these functions by Ξ
l−
λ , λ ∈ P and
the corresponding kernel is W l. The (anti)invariance (31), (33) implies that these functions have
common zeros in F :
Ξl−λ (x) = 0, x ∈ Ys. (40)
Taking into account (31), (33) together with (40), we restrict the functions Ξl−λ to the domain
F l− = (F \ Ys) ∪ rlF ◦.
Similarly, the invariance (32) restricts λ ∈ P to the set
Pl− = (P+ \ Ps) ∪ rlP++.
Thus, we have
Ξl−λ (x) =
∑
w∈W l
σs(w)e2pii〈wλ, x〉, x ∈ F l−, λ ∈ Pl−.
5.3.1. Continuous orthogonality and Ξl−−transforms. For any two weights λ, λ′ ∈ Pl− the corre-
sponding Ξl−−functions are orthogonal on F l−∫
F l−
Ξl−λ (x)Ξ
l−
λ′ (x) dx = K δλλ′ (41)
where K is given by (13). The Ξl−−functions determine symmetrized Fourier series expansions,
f(x) =
∑
λ∈Pl−
cl−λ Ξ
l−
λ (x), where c
l−
λ =
1
K
∫
F l−
f(x)Ξl−λ (x) dx.
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Ξl−(1, 0) Ξ
l−
(2, 0) Ξ
l−
(1, 1) Ξ
l−
(3,−1)
Figure 12. The contour plots of Ξl−−functions of C2 over the fundamental domain
F l−(C2). The dashed part of the boundary does not belong to the fundamental
domain.
5.3.2. Discrete orthogonality and discrete Ξl−−transforms. The finite set of points is given by
F l−M =
1
M
P∨/Q∨ ∩ F l−.
We define the corresponding finite set of weights as
Λl−M = P/MQ ∩MF l−∨
where
F l−∨ = (F∨ \ (Y ∨s ∪ Y ∨0 )) ∪ rlF∨◦.
Then, for λ, λ′ ∈ Λl−M , the following discrete orthogonality relations hold∑
x∈F l−M
εl(x)Ξl−λ (x)Ξ
l−
λ′ (x) = kM
2δλλ′ (42)
where k is given by (20). The discrete symmetrized Ξl−−functions expansion is given by
f(x) =
∑
λ∈Λl−M
cl−λ Ξ
l−
λ (x), where c
l−
λ =
1
kM2
∑
x∈F l−M
εl(x)f(x)Ξl−λ (x).
5.3.3. Ξl−−functions of C2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξl−−functions of C2:
Ξl−(a,b)(x, y) = 2 {cos(2pi(ax+ by))− cos(2pi(ax− (a+ b)y))} .
The fundamental domain F l− is of the form
F l−(C2) =
{
xω∨s + yω
∨
l |x > 0, y ≥ 0, 2x+ y ≤ 1
} ∪ {(x+ y)ω∨s − yω∨l |x, y > 0, 2x+ y < 1}
and the lattice of weights Pl− is given by
Pl−(C2) =
{
aωs + bωl | a ∈ N, b ∈ Z≥0
} ∪ {(a+ 2b)ωs − bωl | a, b ∈ N} .
The contour plots of some lowest Ξl−−functions of C2 are given in Figure 12.
The discrete grid F l−M is given by
F l−M (C2) =
{
a
M
ω∨s +
b
M
ω∨l | a ∈ N, b, c ∈ Z≥0, c+ 2a+ b = M
}
∪
{
a+ b
M
ω∨s −
b
M
ω∨l | a, b, c ∈ N, c+ 2a+ b = M
}
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Figure 13. The contour plots of Ξl−−functions of G2 over the fundamental domain
F l−(G2). The dashed part of the boundary does not belong to the fundamental
domain.
and the corresponding finite set of weights has the form
Λl−M (C2) =
{
aωs + bωl | a, c ∈ N, b ∈ Z≥0, c+ a+ 2b = M
}
∪ {(a+ 2b)ωs − bωl | a, b, c ∈ N, c+ a+ 2b = M} .
The coefficients εl(x) of discrete orthogonality relations (42) are given in Table 2.
5.3.4. Ξl−−functions of G2. For a point with coordinates in α∨-basis (x, y) we have the following
explicit form of Ξl−−functions of G2:
Ξl−(a,b)(x, y) =e
2pii(ax+by) − e2pii((a+b)x−by) − e2pii(−(2a+b)x+(3a+2b)y)
+ e2pii((a+b)x−(3a+2b)y) + e2pii(−(2a+b)x+(3a+b)y) − e2pii(ax−(3a+b)y).
The fundamental domain F l− is of the form
F l−(G2) =
{
xω∨l + yω
∨
s |x ≥ 0, y > 0, 2x+ 3y ≤ 1
}∪ {−xω∨l + (x+ y)ω∨s |x, y > 0, 2x+ 3y < 1}
and the lattice of weights Pl− is given by
Pl−(G2) =
{
aωl + bωs | a ∈ Z≥0, b ∈ N
} ∪ {−aωl + (3a+ b)ωs | a, b ∈ N} .
The contour plots of some lowest Ξl−−functions of G2 are given in Figure 13.
The discrete grid F l−M is given by
F l−M (G2) =
{
a
M
ω∨l +
b
M
ω∨s | a, c ∈ Z≥0, b ∈ N, c+ 2a+ 3b = M,
}
∪
{
− a
M
ω∨l +
a+ b
M
ω∨s | a, b, c ∈ N, c+ 2a+ 3b = M
}
and the corresponding finite set of weights has the form
Λl−M (G2) =
{
aωl + bωs | a ∈ Z≥0, b, c ∈ N, c+ 3a+ 2b = M
}
∪ {−aωl + (3a+ b)ωs | a, b, c ∈ N, c+ 3a+ 2b = M} .
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The coefficients εl(x) of discrete orthogonality relations (42) are given in Table 2.
6. Product decompositions
Various products of generalized E−functions can be decomposed into the sum of E−functions.
We distinguish the following three cases.
6.1. Ξe± · Ξe±.
The product of two Ξe+− or two Ξe−−functions decomposes into the sum of Ξe+ functions, the
signs of the summands are all positive in the first case. We have the following general formulas of
these decompositions which hold for any λ, λ′ ∈ P and x ∈ R2
Ξe+λ (x) · Ξe+λ′ (x) =
∑
w∈W e
Ξe+λ+wλ′(x), Ξ
e−
λ (x) · Ξe−λ′ (x) =
∑
w∈W e
σs(w)Ξe+λ+wλ′(x). (43)
The mixed product of Ξe+− and Ξe−−functions decomposes into the sum of Ξe−−functions:
Ξe+λ (x) · Ξe−λ′ (x) =
∑
w∈W e
σs(w)Ξe−λ+wλ′(x). (44)
Example 6.1. Using the explicit form of the even orbits of C2 in Figure 2, we demonstrate the
decompositions (43), (44). In the following formulas we choose λ = (5, 3), λ′ = (1, 1), omit the
variables (x, y) of the Ξe+− and Ξe−−functions of C2 and write explicitly the products:
Ξe+(5,3) · Ξe+(1,1) = Ξe+(6,4) + Ξe+(2,5) + Ξe+(8,1) + Ξe+(4,2)
Ξe−(5,3) · Ξe−(1,1) = Ξe+(6,4) − Ξe+(2,5) − Ξe+(8,1) + Ξe+(4,2)
Ξe+(5,3) · Ξe−(1,1) = Ξe−(6,4) − Ξe−(2,5) − Ξe−(8,1) + Ξe−(4,2).
6.2. Ξs± · Ξs±.
The product of two Ξs+− or two Ξs−−functions decomposes into the sum of Ξs+ functions, the
signs of the summands are all positive in the first case. We have the following general formulas of
these decompositions which hold for any λ, λ′ ∈ P and x ∈ R2
Ξs+λ (x) · Ξs+λ′ (x) =
∑
w∈W s
Ξs+λ+wλ′(x), Ξ
s−
λ (x) · Ξs−λ′ (x) =
∑
w∈W s
σl(w)Ξs+λ+wλ′(x). (45)
The mixed product of Ξs+− and Ξs−−functions decomposes into the sum of Ξs−−functions:
Ξs+λ (x) · Ξs−λ′ (x) =
∑
w∈W s
σl(w)Ξs−λ+wλ′(x). (46)
Example 6.2. Using the explicit form of the even orbits of C2 in Figure 2, we demonstrate the
decompositions (45), (46). In the following formulas we choose λ = (5, 3), λ′ = (1, 1), omit the
variables (x, y) of the Ξs+− and Ξs−−functions of C2 and write explicitly the products:
Ξs+(5,3) · Ξs+(1,1) = Ξs+(6,4) + Ξs+(2,4) + Ξs+(8,2) + Ξs+(4,2)
Ξs−(5,3) · Ξs−(1,1) = Ξs+(6,4) − Ξs+(2,4) − Ξs+(8,2) + Ξs+(4,2)
Ξs+(5,3) · Ξs−(1,1) = Ξs−(6,4) − Ξs−(2,4) − Ξs−(8,2) + Ξs−(4,2).
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6.3. Ξl± · Ξl±.
The product of two Ξl+− or two Ξl−−functions decomposes into the sum of Ξl+ functions, the
signs of the summands are all positive in the first case. We have the following general formulas of
these decompositions which hold for any λ, λ′ ∈ P and x ∈ R2
Ξl+λ (x) · Ξl+λ′ (x) =
∑
w∈W l
Ξl+λ+wλ′(x), Ξ
l−
λ (x) · Ξl−λ′ (x) =
∑
w∈W l
σs(w)Ξl+λ+wλ′(x). (47)
The mixed product of Ξl+− and Ξl−−functions decomposes into the sum of Ξl−−functions:
Ξl+λ (x) · Ξl−λ′ (x) =
∑
w∈W l
σs(w)Ξl−λ+wλ′(x). (48)
Example 6.3. Using the explicit form of the even orbits of C2 in Figure 2, we demonstrate the
decompositions (47), (48). In the following formulas we choose λ = (5, 3), λ′ = (1, 1), omit the
variables (x, y) of the Ξl+− and Ξl−−functions of C2 and write explicitly the products:
Ξl+(5,3) · Ξl+(1,1) = Ξl+(6,4) + Ξl+(6,1) + Ξl+(4,5) + Ξl+(4,2)
Ξl−(5,3) · Ξl−(1,1) = Ξl+(6,4) − Ξl+(2,4) − Ξl+(4,5) + Ξl+(4,2)
Ξl+(5,3) · Ξl−(1,1) = Ξl−(6,4) − Ξl−(6,1) − Ξl−(4,5) + Ξl−(4,2).
7. Concluding Remarks
• The short roots W∆s of the Weyl group of C2 (G2) is of the type A1×A1 (A2). This leads
to the fact, that in the case of C2 the functions Ξ
s+ can be identified with C-orbit functions
of the group of A1 × A1 and Ξs− with the S-orbit functions of A1 × A1. In particular, the
function Ξs+(a,b) of C2 differs only by rotation by pi/4 from the C-function ϕa+b,b of A1 ×A1
(and similarly for the Ξs−). In the case of G2, the functions Ξs+(a,b) differ from the functions
ϕ(a,a+b) of A2 by the rotation by pi/3 (and similarly for the Ξ
s−).
• For all groups (1) there are precisely six families of E-function analogous to the rank 2 cases
here. The kernels of defining homomorphisms are the symmetry groups of the subsystems
of roots of the same length. Namely,
W∆s is of type

nA1 in Bn
Dn in Cn
D4 in F4
, W∆l is of type

Dn in Bn
nA1 in Cn
D4 in F4
, (49)
where nA1 denotes the semisimple Lie algebra, with A1 × · · · × A1 multiplied n times. In
(49) we use the known isomorphisms D2 = A1 ×A1, D3 = A3, and B2 = C2.
• The most frequently analyzed 2-dimensional digital data are sampled on rectangular do-
mains. Such data need first to be placed in FM with appropriate choice of the integer M
to match the density of the data lattice and the lattice points in FM . That is done more
efficiently when FM matches more closely the shape of the data lattice. The functions on
Figures 4, 8, and 10 illustrate the new choices one did not have so far.
• For now unexplored remain the properties of the E-functions of all the types when the
dominant weight of the function is a point in Rn but not a point of the weight lattice
P ⊂ Rn. Definitions and many properties of such functions are analogs of the properties of
the E-functions described here. Obvious application of such functions are Fourier integral
expansions as opposed to Fourier series.
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• Weyl group orbit functions are closely related to multivariable orthogonal polynomials.
That relation exists also in the case of E-functions of all the types. In our opinion this
relation merits an explicit description.
• Very little is known about arithmetic properties of the E-functions, except of those facts
that can be readily deduced from the rich arithmetic properties of the characters [11],[12].
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